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Near-horizon Carroll symmetry and black hole Love numbers
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According to the black hole membrane paradigm, the black hole event horizon behaves like a
2+1 dimensional fluid. The fluid has nonzero momentum density but zero velocity. As a result,
it does not respond to tidal forces in the usual way. In this note, we point out that this unusual
behavior can be traced back to an emergent, near-horizon Carroll symmetry (the Carroll group is
the c → 0 limit of the Poincare´ group). For Schwarzschild black holes in d = 4 general relativity, we
relate the vanishing of the black hole fluid’s velocity to vanishing of the black hole’s Love numbers.
This suggests near-horizon Carroll symmetry may have a role to play in explaining black hole Love
numbers.
INTRODUCTION
The new era of gravitational wave astronomy offers op-
portunities to test fundamental physics. LIGO observa-
tions of neutron star mergers can probe the neutron star
equation of state. Observations of black hole mergers can
test the Kerr model of spinning black holes and search
for physics beyond general relativity. In either case, it is
crucial to understand how a body in a binary responds
to tidal forces from its companion.
During the inspiral phase of a merger, when the bod-
ies are widely separated, the problem can be studied in
perturbation theory. In this case, the response of a body
to external tidal forces can be characterized by a set of
parameters called Love numbers. The first Love num-
ber is defined by considering the response of a body’s
quadrupole moment, Qij , to an external quadrupolar
tidal field, Eij . One expects
Qij ∝ Eij . (1)
The constant of proportionality (suitably normalized) [1]
is the first Love number. It is the first in an infinite se-
quence of Love numbers, one for each multipole moment.
In general relativity, there are in fact two infinite sets of
Love numbers. They correspond to the tidal field’s grav-
itoelectric and gravitomagnetic components. The Love
numbers of neutron stars depend on the neutron star
equation of state, so Love number measurements probe
the equation of state. It turns out the Love numbers of
Schwarzschild black holes are all zero (at least in asymp-
totically flat, d = 4 general relativity) [1–5]. So black
hole Love number measurements are tests of general rel-
ativity.
The fact that Love numbers are zero for d = 4
Schwarzschild black holes is surprising from an effective
field theory (EFT) perspective and raises a puzzle [6–8].
In the EFT for binary inspiral [7, 9–14], the merging bod-
ies are treated as point particles and the Love numbers
enter as couplings. From the EFT perspective, one does
not expect the Love numbers to be zero unless a symme-
try forces them to vanish. Absent a symmetry explana-
tion, the theory with vanishing Love numbers looks fine
tuned. This could be a hint that the EFT is incomplete;
perhaps new physics will enter and eliminate the tuning.
Rothstein and Goldberger [6] (see also [7, 8]) have noted
that the binary inspiral EFT, as presently understood,
appears to be tuned in this sense.
In this note, we reconsider the description of black
hole tidal interactions using the membrane paradigm and
confront a similar puzzle. According to the membrane
paradigm, the black hole horizon behaves like a 2+ 1 di-
mensional fluid. The fluid has nonzero momentum den-
sity but but zero velocity. As a result, it does not respond
to tidal forces in the usual way [15]. We observe that
vanishing of the black hole fluid velocity follows from an
emergent, local Carroll symmetry in the near-horizon re-
gion. The Carroll group is the c→ 0 limit of the Poincare´
group [16–28]. The Carroll group is a subgroup of the full
Bondi-van der Burg-Metzner-Sachs (BMS) group [29–31]
and it is also interesting to contemplate whether a near-
horizon version of the full BMS group [32–43] may have
a signature in black hole tidal interactions. We leave this
possibility for the future.
For Schwarzschild black holes in d = 4 general relativ-
ity, we relate the vanishing of the membrane paradigm
fluid velocity to vanishing of the black hole’s Love num-
bers. This suggests Carroll symmetry may have a role
to play in explaining black hole Love numbers. However,
black hole Love numbers are nonzero in higher spacetime
dimensions [3], in asymptotically anti de Sitter space-
times [44], and in modified theories of gravity [45]. So
Carroll symmetry alone cannot be the full story. Still we
believe the observations in this note might hold a clue for
future investigations.
RESULT
We begin by reviewing a surprising feature of black
holes first pointed out long ago by Price and Thorne
[15]. They were studying black hole tidal interactions
using the black hole membrane paradigm, which is a way
of reformulating black hole dynamics in terms of a 2+1-
dimensional fluid membrane living near the event hori-
zon. The membrane paradigm relates problems in black
2hole physics to possibly more familiar problems in fluid
dynamics. In retrospect, the membrane paradigm was a
precursor of AdS/CFT and modern holographic theories.
Let us review what Price and Thorne found.
To begin, recall how an ordinary fluid responds to an
applied tidal field. For simplicity, consider a pressure-
less, inviscid fluid in two space dimensions with spatial
velocity vector, v, in a background gravitational poten-
tial, Φ. In this case, the dynamics is governed by the
Euler equation,
∂tv + v · ∇v = −∇Φ. (2)
Taking a gradient, and then extracting the symmetric
trace-free (STF) part, gives the tidal force equation:
∂tσij + v · ∇σij + θσij = −Eij . (3)
Here σij = v
STF
i;j is the shear tensor, θ = ∇ · v is the
expansion scalar, and Eij = Φ
STF
;ij is the tidal field tensor.
In Cartesian coordinates, σij = v(i,j) −
1
2δijv
k
,k. The
fluid’s shear tensor responds to the applied tidal field
according to (3).
Now according to the black hole membrane paradigm,
the black hole event horizon behaves like a 2+1 dimen-
sional fluid. It has a momentum density that evolves
according to a version of the Navier-Stokes equation.
Therefore one might hope to find a tidal force equation
analogous to (3) governing black hole tidal interactions.
So it came as something of a surprise when Price and
Thorne found that the shear of the black hole membrane
measured by a local observer actually vanishes. In par-
ticular, the membrane’s shear is completely independent
of the applied tidal field, Eij .
To understand this result, recall the definition of the
membrane’s momentum density:
ΠHa ≡ S
0ˆ
a, (4)
where Sab is the membrane’s Brown-York stress energy
tensor, defined in terms of the membrane’s extrinsic cur-
vature as Sab =
1
8pi (Kab−K
c
chab). Indices a, b, c . . . run
over the 2 + 1 coordinates on the membrane and hab is
the induced metric on the membrane. The hatted index,
0ˆ, indicates the timelike-direction of the local observer’s
reference frame.
Just as for an ordinary fluid, the momentum density is
a product,
ΠHa = (energy density)× (velocity). (5)
The locally measured energy density is infinite at the
event horizon because a local observer hovering at the
horizon is infinitely accelerated [46]. To regulate the di-
vergent local energy density at the horizon, it is stan-
dard to introduce a timelike “stretched horizon” just
outside the event horizon. Let αH ≪ 1 be the lapse
function on the stretched horizon (at the event horizon,
αH → 0). The local energy density on the stretched
horizon is α−1H κ/(8pi), where κ is the black hole’s surface
gravity. For a weakly perturbed hole, the momentum
density is [47]
ΠHa ≈
1
8pi
α−1H κva, (6)
where va is the velocity of the membrane fluid. The
key point is that that the velocity is an extremely small,
O(αH), quantity. It balances the huge, O(α
−1
H ), locally
measured energy density to give a finite momentum den-
sity as αH → 0. Now va = O(αH) implies that the
shear tensor, σab = v(a,b) −
1
2δabv
c
,c, also vanishes at the
event horizon. In particular, the locally measured shear
is completely independent of external tidal forces [48].
Price and Thorne were careful to stress this counterin-
tuitive difference between ordinary fluids and the black
hole fluid in their work.
This is reminiscent of the story for black hole Love
numbers. In both cases, the black hole fails to respond
to applied tidal fields in somewhat surprising fashion.
Below we exhibit a direct relationship between the two
phenomena for d = 4 Schwarzschild black holes. But first
we wish to describe the underlying symmetry that forces
the black hole fluid velocity to vanish. This observation
is new and forms one of the main results of the present
note.
Carroll symmetry
The Carroll group is the c → 0 limit of the Poincare´
group. Rotations and translations act the same, but Car-
roll boosts act as
x′ = x, (7)
t′ = t− b · x, (8)
where b is the Carroll boost parameter. In two spacetime
dimensions the Carroll group is dual to the Galilei group
(the c → ∞ limit of Poincare´), with the roles of space
and time interchanged.
Carroll-invariant particles cannot move. Intuitively,
this is obvious: we have taken c→ 0, and physical speeds
are bounded by c. (For a proof using coadjoint orbits, see
[18]). We will now show that there is an emergent local
Carroll symmetry at the event horizon. This provides
a symmetry explanation for Price and Thorne’s observa-
tion that the black hole fluid has vanishing velocity (and,
as we will see, Love numbers).
First, define Carroll space as the c → 0 limit of
Minkowski space:
ds2 = 0 · dt2 + dx2 + dy2 + dz2. (9)
The Carroll group can be equivalently defined as the
group of symmetries that preserve the Carroll metric (9)
3and the Carroll connection Γijk = 0 and commute with
∂t [18]. Let us explain these requirements in more detail.
The group of symmetries preserving the metric (9) alone
is infinite dimensional. It includes ordinary isometries of
the spatial part of the metric as well as an infinite dimen-
sional group of “supertranslations,” t → t + f(t, x, y, z).
Demanding that the symmetries preserve the connection
and commute with ∂t cuts down this infinite dimensional
group to the finite dimensional Carroll group defined ear-
lier as the c→ 0 limit of Poincare´. To see this, note that
the Lie derivative of a connection is
(LXΓ)
i
jk =X
p∂pΓ
i
jk + ∂j∂kX
i
− Γpjk∂pX
i
+ Γipk∂jX
p + Γijp∂kX
p. (10)
The Carroll connection is Γijk = 0, so only the second
term on the RHS survives. The requirement (LXΓ)
i
ij =
∂j∂kX
i = 0 reduces the infinite dimensional symmetry
group of the Carroll metric to a finite group.
Now the black hole event horizon is a null surface.
So local patches of the event horizon look like Car-
roll space (9). For example, in ingoing Eddington-
Finkelstein coordinates, the metric on the event horizon
of a Schwarzschild black hole is
ds2 = 0 · dv2 + r2(dθ2 + sin2 θdφ2). (11)
In other words, the black hole has an emergent, local Car-
roll invariance near the event horizon. Price and Thorne’s
observation that the velocity of the horizon fluid is zero
can be reinterpreted as a consequence of the fact that
the horizon is a Carroll manifold (local patches look like
Carroll space) and, in particular, the local speed of light
is zero.
Love numbers
Finally, we observe that the above discussion is related
to the vanishing of black hole Love numbers, at least
for Schwarzschild black holes in d = 4 general relativ-
ity. The latter have been computed by Binnington and
Poisson [1]. Happily, Price and Thorne and Binnington
and Poisson use the same ingoing Eddington-Finkelstein
gauge to describe the near-horizon region, so translating
between the two is relatively straightforward. In partic-
ular, the membrane momentum density can be read off
the metric:
ΠHa = α
−2
H κgva =
1
8pi
α−1H κva. (12)
So,
va = 8piα
−1
H gva. (13)
Binnington and Poisson [1] studied tidal perturbations
of a Schwarzschild black hole. Let E lA and B
l
A be the
lth multipole moments of the gravitoelectric and grav-
itomagnetic components of the applied tidal field. The
index, A, runs over the spatial directions of the horizon
(θ, φ). The perturbed metric has
gvA = −
2
(l − 1)(l+ 1)
rl+1e4(r)E
l
A
+
2
3(l − 1)
rl+1b4(r)B
(l)
A , (14)
where
e4 = A4 − 2
l+ 1
l
kel(2M/r)
2l+1B4, (15)
b4 = A4 − 2
l+ 1
l
kmag(2M/r)
2l+1B4. (16)
The functions A4 and B4 are computed in [1]. A4 repre-
sents the external tidal field and it vanishes at the event
horizon (in fact, A4 = O(α
2
H) so its contribution to (13)
vanishes at the horizon). The function B4 represents the
black hole’s response. It is nonzero (in fact, divergent)
at the horizon. The Love numbers, kel and kmag, enter
as coefficients multiplying B4. Comparing (15)-(16) with
(13), we see that vanishing of the fluid velocity, va = 0,
is equivalent to vanishing of the Love numbers.
DISCUSSION
We began by revisiting an old observation of Price and
Thorne: the velocity of the membrane paradigm fluid
velocity is zero and, as a result, the membrane does not
respond to tidal forces in the usual way. We related this
observation to an emergent, local Carroll symmetry act-
ing on the horizon. The Carroll group is a subgroup of
the BMS group and it would be interesting to understand
if the full BMS group has a role to play in this story.
We noted that for d = 4 Schwarzschild black holes, the
vanishing of the fluid velocity is related to vanishing of
the black hole’s Love numbers. This hints at a connection
between Carroll symmetry and black hole Love numbers.
However, black hole Love numbers are nonzero in higher
spacetime dimensions [3], in asymptotically anti de Sitter
spacetimes [44], and in modified theories of gravity [45].
So the possibility of an explanation for black hole Love
numbers based on Carroll symmetry requires further in-
vestigation.
The Carroll symmetry we described acts on the event
horizon. In the EFT of black hole tidal interactions, the
black holes are treated as point particles. We expect
some remnant of the Carroll symmetry to act on the
fields of the EFT. It would be very interesting to find
this incarnation of the symmetry.
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